Gravitational potential in Palatini formulation of modified gravity 
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General Relativity has so far passed almost all the ground-based and solar-system experiments. 
Any reasonable extended gravity models should consistently reduce to it at least in the weak field 
approximation. In this work we derive the gravitational potential for the Palatini formulation of 
the modified gravity of the L(R) type which admits a de Sitter vacuum solution. We conclude that 
the Newtonian limit is always obtained in those class of models and the deviations from General 
Relativity is very small for a slowly moving source. 



Recently, some attempts have been made to explain the observed cosmic acceleration by modi- 
fying the Einstein-Hilbert action [2-17]. Those include the 1/R gravity [2| which may be predicted by 
String/M theory 0, the 1/R + R 2 and In R gravity which intend to explain both the current 
acceleration and early time inflation. Generally, those models have two inequivalent formulations: 
the metric formulation (second order formulation) and the Palatini formulation (first order formula- 
tion) 0, 0, HI IU E3 • There are many interesting features in the Palatini formulation of those models, 
e.g. the absence of the instability appeared in the metric formulation ^(| (However, this instability 
in metric formulation may be resolved by a R 2 term or conformal anomaly induced terms [TTjl. 
the universality of the field equations for vacuum [r|] or source with constant trace of the energy- 
momentum tensor |l9j |. There is also a third alternative to the above two formulations [H[l3. In 
those works, it has been shown that the simplest proposal of 1/R gravity in metric formulation is in 
conflict with solar system gravitational experiments fl3| and the Palatini formulation is in conflict 
with electron-electron scattering experiments 0. But it is still worth continuing to explore whether 
some phenomenological model of this type or its variants can easily accommodate the data. Thus it is 
suitable to explore some basic features of this type of models at this time. Specifically, any reasonable 
gravity theory should reduce to Newton gravity for slowly moving weak source. The condition of 
having a Newtonian limit for the metric formulation is explored in Ref. |l4j| . In this paper, we will 
discuss the weak field expansion of Palatini formulation. We will follow the sign conventions of Ref.0 . 

In general, when handled in Palatini formulation, one considers the action to be a functional of the 
metric g^ v and a connection y which is independent of the metric. The resulting modified gravity 
action can be written as 

S{guv, V„] = ^ J d 4 x^L(R) + S M , (1) 

where R is a constant with dimension (mass) -1 that will be specified below, R^ is the Ricci tensor 

of the connection Vui R = d^R^v an d Sm is the matter action. For the theory (1) to explain the 
current cosmic acceleration, the vacuum solution is necessarily de Sitter. Thus, when studying its 
Newtonian limit, we must expand around de Sitter background. The Newtonian limit of the metric 
formulation of this sort of modified gravity was studied in Ref. 0] and it concluded that the existence 
of a weak field approximation around the de Sitter background can be achieved by imposing the 
condition L"(Rq) — where Rq is the vacuum solution in metric formulation. All the current existed 
model that may explain the current cosmic acceleration, namely, the 1/R and lni? model, do not 
satisfy this condition. And it is shown in Ref.0 that the condition for the existence of an equivalent 
scalar-tensor description of the theory (1) is just L" ^ 0. The absence of such an equivalent description 
is a strong indication that the original theory is unphysical [2(| . Thus if the condition for the existence 
of Newtonian limit in Palatini formulation is the same as the metric formulation, the whole framework 
of explaining cosmic acceleration in Palatini formulation is doubtable. Fortunately, as we will show in 
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this work. This is not the case. The theory (1) always has Newtonian limit and the deviations from 
the Newtonian potential with a standard Yukawa term (since we are working in de Sitter background) 
are very small for a slowly moving source. 

First, let us give the field equations of (1). See Ref.0 for details. 

Varying the action with respect to g^ gives 

L\R)R, LU - ~L(R)g^ = R 2 T^, (2) 
where T^ v is the energy momentum tensor and is given by 

Varying with respect to the connection, one can find that R^ v is related to R^ v by 

R„v = iV + \{L')- 2 ^^'V V L' - (L'r'VpV.L' - ( 4 ) 
and contracting with g^ u gives 

R = R+ ^(L')~ 2 (V^) 2 ~ HL'y'nL' (5) 

where R^ is the Ricci tensor with respect to g^ and R — g^R^v 
By contracting Eq. with g M „, we can solve R as a function of T: 

L'(R)R-2L{R) = R 2 T (6) 

where a prime denotes differentiation with respect to R. Thus (@J , JSJ do define the Ricci tensor with 
respect to and L(R) in Eq.© is actually a function of T. Specifically, we denote the vacuum 

solution by Rq = Rq and thus Rp„ — g^ u R /A. By Eq.QJ, R$ = R,ffi and thus Rq = Rq = Ro. 

The aim of this paper is to treat the approximation in which gravity is " weak" . In the context of 
modified gravity, this means that the spacetime metric is nearly de Sitter. In application of gravity 
theory, this is an excellent approximation except for phenomena dealing with strong gravitational 
fields such as black holes and large scale structure of the universe. Thus in presence of some source, 
we divide the metric into two parts 

9n» = 9$ + V (7) 

where gffl is the de Sitter vacuum solution of the field equations and h^ v represents deviations which 
vanish at infinity. The first order variation of R^ is given by the Palatini identity 

fiRftv = \{^^ p V + V v V»h m ) + -Roh^ - ^Ro5$h - ^0 V - iv M V„ft (8) 



where h = h^g^^ 

Since in the v; 
can be read off from Eq. Q 



Since in the vacuum, we have RjjJ — R^J, the relation between perturbations of those two quantities 



«V = «V + ^T'v^'V^' - (L'y 1 v M v,i' - liLT'g^DL' (9) 



and contracting with gW^" gives 

SR = SR + l(LT 2 (VuL) 2 - SiLT'QL' (10) 



A subtlety in expansion with respect to de Sitter background is that R ^ Rq + SR, instead, by 
writing R = (g(°^ v + h^)(R$ + SR^) explicitly, we can find that R = R - + SR^, where 
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h = h f j, u g^°' IJ ' 1 ' . Without the h term, the resulting equation will not be gauge- invariant. Specifically, 
this term should be added to the expansion equation in Ref . [l4| , but its conclusion is unchanged. 
The first order expansion of Eq. © with respect to the de Sitter vacuum solution w-°> gives 

L'(Ra)5R^ + j[L"(R )Ro - 2L\Ih)}g$5R -~L(R )h fiV (11) 

+[ Mm-Qr L » {Bo)]g W h = tfTr 

By Eq.® and the fact that L'(R) is actually a function of T we can move all the "source" term in 
the above equation to the right-hand side 

L\R )6R^ + - A [L"{R Q )R - 2L'{R )]g$5R - ^L(R )h^ (12) 

(^fL»(Ro)]- 9 Wh = *%, + L'(Ro)S, u 

where is a function of V p T and V M V„T given by 

V = (L'y^^uL' + hl'r^OL' - ?V„L'V„I/ (13) 



It is easy to see that the choice of L(R) = R — 2 A reproduces the expansion equation of General 
Relativity around de Sitter background |22j . which is natural since now the Palatini formulation is 
equivalent to the metric formulation. But note that this is the most general Lagrangian that those 
two formulations are equivalent. 

Let us consider the gauge transformation 

V — ► V + + (14) 

where £ M is an arbitrary vector field. By equation A^SR^ — ^(V^j, -I- V^^), it is not hard to 
check that Eq.(12) is invariant under this gauge tansformation. Thus we can choose a suitable £ M to 
impose the transverse-traceless (TT) gauge on h^ v 

V"V = M = °- ( 15 ) 

This gauge-invariance also implies that the graviton described by theory (1) is still massless. 

After gauge fixing, from Eq.©, the expansion equation (|14fl can be written in a much more simplified 
and illuminating form 

Ro , -2k 2 



to 

6 L'(R ) 



Oh^ —h^t, = TllT> - 2S^ V (16) 



If we identify the R 2 appearing in action (1) as k 2 /L'(R ), where k 2 = 8ttG and G is the Newton 
constant, this equation is identical to the expansion equation of General Relativity around a de Sitter 
background except the appearance of the S^ v term. Note that for any reasonable model, L'(Rq) ~ 1, 
thus R is actually the same order of magnitude as k. Since depends only on the derivatives of 
T, for the vacuum or a constant T, Eci. (|16|) reduces exactly to the expansion equation of General 
Relativity. This confirms in another way the conclusion that the theory (1) will reduce to General 
Relativity in the case of vacuum 0] and constant T in an unified and illuminating way. 

Thus for a slowly varying source, denoting its density by p — — T, the Newtonian potential it 
generates will be 

Gp-Soo/16-K \ nv\ 

$(r) = exp(-W — r) (17) 

r V o 

The exponential is just the standard Yukawa term in the gravitational potential in de Sitter background 
in General Relativity. With Rq ~ Hq, where Hq is the current Hubble parameter and is given by 
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Hq ~ lOOfcm/ s.Mpc, the effects of the Yukawa term can be neglected in solar system or ground-based 
gravitational experiments. All the effects of the modified action in Palatini formulation are enclosed 
in the Sqq term. This is the secret of the modified gravity models in Palatini formulation. 

Since now the form of Newtonian potential has been severely constrained by experiments (see 
Ref.(2l| for a review), the effects of Sqo should be extremely small to evade the current constraints. 
Let us now estimate its magnitude for the class of models that intend to explain the current cosmic 
acceleration. For those models, we generally have L(R) = R + f(R). In order to explain current 
acceleration and reduce to General Relativity at early times, it requires that when R ~ Hq, the f(R) 
term dominates, when R 3> Hq, the R term dominates. Any test objects in current gravitational 
experiments satisfy n 2 p 3> Hq, e.g. for an object with density of the order 10 3 fc<?/m 3 , k 2 p/ Hq ~ 10 29 . 
Thus in those cases, L(R) ~ R ~ n 2 p and f(R) <C R- Then 

L> ~ 1 + f(R)/R ~ 1, V L' = f"(R) K 2 p^^-^, (18) 

R P 

VoVoL' = f"(R)K 2 p + f'"(R)(K 2 p) 2 ~ l^l'P + ffl(^) 2 

R P R P 

Thus we can see from Eq.(13) that all the terms in Soo are suppressed by a f(R)/R factor, which 
is in practice the order Hq/(k 2 p) 2 ~ 1CP 58 that is extremely small for any test objects in current 
gravitational experiments. Thus the Newtonian limit is always obtained. The above estimate is quite 
obvious in a specific example: the 1/R gravity Q- There, L(R) = R + a 2 /R, where a ~ Hq. R is 
related to p trough Eq.J3J) and is given by 

R=^[R 2 p + V4a 2 + {n 2 p) 2 ] (19) 

The above computations and conclusions are also easily extended to the matter loops corrected 
modified gravity in Palatini formulation |l2j |. This type of models can be written as 



Sioopig^, V/J = I d A x^g[R + f(R)} = Seh + Sp a iatini, (20) 



where Seh is the familiar Einstein-Hilbert action. When written in the Einstein frame, the presence 
of a R term will induce a kinetic term for the scalar field. 
The counterpart of Eq.(ll) is 

«V + f'(Ro)SR^ + - A [f"{R )R - 2f'(R )]g$5R -^[R + f(R )] V (21) 

Then following the same line of analysis above, we can see that R 2 — k 2 /(1 + J'(Rq)) and the 
gravitational potential is also given by Ea. (|17|l with the V in the expression for S^ v replaced by /'. 
Thus in particular, the model H2()|l will reduce to General Relativity in the case of vacuum or source 
with constant trace of energy-momentum tensor. 

In conclusion, we computed the gravitational potential by weak field expansion of Palatini formula- 
tion of modified gravity which admits a de Sitter vacuum solution. Wc conclude that the Newtonian 
limit is always obtained in those class of models and the deviations from General Relativity is very 
small for slowly moving source. It is well-known that there are some motivations to extend General 
Relativity, such as its incompatibility with quantum mechanics, non-localities and unavoidable singu- 
larities in its solutions. In the recent works the main motivation is to explain the recently observed 
cosmic acceleration without dark energy. Although the proposal of a 1/R term is doomed now. It is 
still worth continuing to explore whether some phenomenological model of this type or its variants 
can easily accommodate the data. There is an observation in this direction of model-building: To 
drive an current cosmic acceleration, one only need the a de Sitter vacuum solution and in order to 
reduce to General Relativity, L(R) — > R when R/Hq ^> 1. Specifically, it is not necessary to have 
L(R) — > oo as R — > which may introduce instabilities. 
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